Theories of fuzzy sets and type-2 fuzzy sets are powerful mathematical tools for modeling various types of uncertainty. In this paper we introduce the concept of type-2 fuzzy finite state automata and discuss the algebraic study of type-2 fuzzy finite state automata, i.e., to introduce the concept of homomorphisms between two type-2 fuzzy finite state automata, to associate a type-2 fuzzy transformation semigroup with a type-2 fuzzy finite state automata. Finally, we discuss several product of type-2 fuzzy finite state automata and shown that these product is a categorical product.
Introduction
The study of fuzzy automata was initiated by [10] and [12] in 1960 after the introduction of fuzzy set theory by [13] . Much later a considerably simpler notion of a fuzzy finite state machine (which is almost identical to a fuzzy automata) was introduced by [6, 8] . Somewhat different notions were introduced subsequently in [3, 4] and [9] . The concept of homomorphism, transformation semigroup, product property play an important role in the study of finite state machine [2] . Much later [7] introduced these ideas for fuzzy finite state machines and explore their algebraic properties (cf., [6] for more detail).
Type-2 fuzzy sets, firstly proposed by [14] in 1975 as an extension of type-1 fuzzy set in which the membership function falls into a fuzzy set in the interval [0, 1]. Because type-1 fuzzy sets not able to directly model such uncertainties because their membership functions are totally crisp. Type-2 fuzzy sets are capable to improve such uncertainties because their membership function are already fuzzy. Now, in this paper, we mainly introduced the concept of automata theory in type-2 fuzzy sets, which consists of a state-set, an input-set, a transition map and a primary membership function which have been fuzzified. Further by this concept of type-2 fuzzy finite state automata we discuss the concepts of homomorphism, transformation semigroup and direct product for type-2 fuzzy finite state automata. This paper is organized as follows: In section 2, we recall some basic definitions and properties of fuzzy automata, type-2 fuzzy sets, type-2 fuzzy relations. In section 3, we recall the concept of type-2 fuzzy finite state automata and with the help of this type-2 fuzzy finite state automata we discuss the concept of homomorphism. In section 4, recall the concept of type-2 fuzzy transformation semigroups by using congruence relation and lastly, we discuss the direct product and the general direct product of type-2 fuzzy finite state automata and shown that this product is a categorical product.
Preliminaries
In this section we recall some basic notions relevant to fuzzy automata, type-2 fuzzy sets, type-2 fuzzy relations and collect some results, which we need in the subsequent sections. Throughout this paper, X is a nonempty set.
Definition 2.1. [12] A fuzzy automaton is a triple M = (Q, X, δ ), where Q is a nonempty set (the set of states of M), X is a monoid (the input monoid of M), whose identity shall be denoted as e X , and δ : 
denote the union over all admissible x and u.
A class of type-2 fuzzy sets of the universe X is denoted byF(X). 
In terms of vertical slice, a type-2 fuzzy setÃ can also be re-expressed as:
where f x (u) = µÃ(x, u).
The vertical slice µÃ(x) is also called the secondary membership function, and its domain is called the primary membership of x, which is denoted by J x , where J x ⊆ [0, 1] for any x ∈ X. The amplitude of the secondary membership function is called the secondary grade.
Definition 2.4. [5] . The footprint of uncertainty denoted DÃ, is the union of all of the primary memberships: i.e., DÃ = ∪ x∈X J x , which represents the uncertainty in the primary memberships of a type-2 fuzzy setÃ.
Let DÃ(x) = J x , ∀x ∈ X. Then a type-2 fuzzy setÃ can be re-expressed as:
Definition 2.5. [11] . Let X and Y be two nonempty universes. Then type-2 fuzzy setR ∈F(X × Y ) is said to be a type-2 fuzzy binary relation from X to Y as:
in which 0 ≤ µR((x, y), u) ≤ 1.R can be expressed as follows:
The footprint of uncertainty FOU(R) is denoted by 
is called an isomorphism if f and g are both one-one and onto.
The class of all type-2 fuzzy finite state automata and there homomorphisms obviously forms a category (under obvious composition of maps). We shall denote it by T2FFSA Lemma 3.
We prove the result by induction on |y| = n. If n = 0, then y = e and so xy = xe = x. Thus g * (xy) = g * (x) = g * (x)e = g * (x)g * (e) = g * (x)g * (y), whereby, the result is true for n = 0. Also. let the result be true ∀z ∈ X * 1 such that |z| = n − 1, n > 0 and y = za, where a ∈ X 1 . Then
Hence the result is true for |y| = n.
be type-2 fuzzy finite state automata and ( f , g) :
Proof. Let p, q ∈ Q 1 and x ∈ X * 1 . we prove the result by induction on |x| = n. If n = 0, then x = e and g * (x) = g * (e) = e.
. Let the result be true for all y ∈ X * such that |y| = n − 1, n > 0 and x = ya, where a ∈ X 1 , y ∈ X * 1 with
Type-2 fuzzy transformation semigroup
In this section, we recall some basic concepts related to a transformation semigroups both in finite state automata and in type-2 fuzzy finite state automata (cf. [2] , [6] ). Also, we discuss the direct and the general direct product and shown that this product is a categorical product in type-2 fuzzy finite state automata. Recall from [6] that an equivalence relation ∼ on a semigroup (X, * ) is called a congruence relation
Let (Q, X,δ , J x ) be a type-2 fuzzy finite state automaton. Define a relation ≃ on X * by x ≃ y ⇔ µ Dδ (q, x, p) = µ Dδ (q, y, p) and µ Dδ (q, x, p) = µ Dδ (q, y, p), ∀p, q ∈ Q and ∀x, y ∈ X * . Then we have the following. Proof. It is obvious that the relation ≃ is an equivalence relation on X * . Let x, y ∈ X * such that x ≃ y and z ∈ X * .
For a given type-2 fuzzy finite state automaton
Then we have the following. Proof. It is obvious that the relation ≃ is an equivalence relation on X * . Let x, y ∈ X * such that x ≃ y and z ∈ X * .
For given a type-2 fuzzy finite state automaton M = (Q, X,δ , J x ). Let x ∈ X * and let [[x]] = {y ∈ X * : x ≃ y} and
[[y]] = [[xy]], ∀[[x]], [[y]] ∈ E( M).
Then we have the following.
Proposition 4.4. Let M = (Q, X,δ , J x ) be a type-2 fuzzy finite state automaton. Then ( E( M), * ) is a finite semigroup with identity and [x] → [[x]] is a homomorphism of E( M) onto E( M).

Proof. Associativity of the * is trivial. For [[x]] ∈ E( M), we have [[x]] * [[e]] = [[xe]] = [[x]] = [[ex]] = [[e]] * [[x]], whereby [[e]] is the identity of ( E( M), * ). Thus ( E( M), * ) is a semigroup with identity. Now, define f : E( M) → E( M) by f ([x]) = [[x]], ∀[x] ∈ E( M). Let x, y ∈ X
Hence f is well defined. Thus obviously f is an onto homomorphism. Also, as E( M) is finite E( M) is finite. 
is a finite semigroup with identity, where o is defined as
(2) S M is finite since Q and Dδ * is finite and e M is the identity elements. Thus (S M , o) is a finite semigroup with identity. 
Definition 4.2. A type-2 fuzzy transformation semigroup (T2FTS, in short) is a 4-tupleÃ = (Q, S,λ , J v ), where Q is a nonempty finite set (the set of states ofÃ), S is a nonempty finite semigroup,λ is a type-2 fuzzy subset of
(Q × S × Q) × J v , i.e.,λ : (Q × S × Q) × J v → [0, 1],/ ∼= {[v] : v ∈ S}. Defineλ ′ : (Q × S/ ∼ ×Q) × J x → [0, 1] by µ Dλ ′ (q, [x], p) = µ Dλ (q, x, p) and µ Dλ ′ (q, [x], p) = µ Dλ (q, x, p), ∀p, q ∈ Q and ∀[x] ∈ S/ ∼. Now µ Dλ ′ (q, [e], p) = µ Dλ ′ (q, [e], p) = { 1 if q = p 0 if q ̸ = p Also, µ Dλ ′ (q, [x][y], p) = µ Dλ ′ (q, [xy], p) = µ Dλ (q, xy, p) = ∨ r∈Q {µ Dλ (q, x, r) ∧ µ Dλ (r, y, p)} = ∨ r∈Q {µ Dλ ′ (q, [x], r) ∧ µ Dλ ′ (r, [y], p)}. Similarly, we have µ Dλ ′ (q, [x][y], p) = µ Dλ ′ (q, [xy], p) = ∨ r∈Q {µ Dλ ′ (q, [x], r) ∧ µ Dλ ′ (r, [y], p)}, ∀[x], [y] ∈ S/ ∼. Again, let µ Dλ ′ (q, [x], p) = µ Dλ ′ (q, [y], p) and µ Dλ ′ (q, [x], p) = µ Dλ ′ (q, [y], p), ∀p, q ∈ Q. Then µ Dλ (q, x, p) = µ Dλ (q, y, p) and µ Dλ (q, x, p) = µ Dλ (q, y, p), ∀p, q ∈ Q. Thus x ∼ y, whereby [x] = [y] showing that (Q, S/ ∼,λ ′ , J x ) is a faithful T2FTS. Proposition 4.6. Let M = (Q, X,δ , J x ) be a type-2 fuzzy finite state automaton. Then (Q, E( M),λ , J [v] ) is a faithful T2FTS, where µ Dλ (q, [x], p) = µ Dδ * (q, x, p) and µ Dλ (q, [x], p) = µ Dδ * (q, x, p), ∀p, q ∈ Q and ∀x ∈ X * .
Proof. E( M) is a finite semigroup with identity [e] from Proposition 4.2. Obviously,
For type-2 fuzzy finite state automaton M = (Q, X,δ , J x ), we shall denote by T2FTS ( M), the T2FTS (Q, E( M),λ , J [v] ), and call it the T2FTS associated with M.
If S 1 and S 2 contain the identity e 1 and e 2 respectively, then β (e 1 ) = e 2 , and
A homomorphism (α, β ) :Ã 1 →Ã 2 is called an isomorphism if α and β are both one-one and onto. Let S be a semigroup with identity e and (Q, S,λ , J v ) be a faithful T2FTS. Define type-2 fuzzy finite state automaton M = (Q, X,δ , J x ) by takingδ =λ . Consider type-2 fuzzy finite state automaton v, p) . Now it remains to show that β is one-one and onto. Let v, w ∈ S be such that
AsÃ is faithful. Thus β is one-one. Also, it can be easily seen that if
. Thus β is onto. 
An examination of the 'categorical product' in the category T2FFSA leads to a concept of 'direct product' of type-2 fuzzy finite state automata, which we illustrate here for two type-2 fuzzy finite state automata
(X 1 × X 2 , appearing below is the 'direct product' of the monoids X 1 and X 2 . Thus it is the cartesian product of X 1 and X 2 , considered as a monoid, whose binary operation is defined as (
, and whose identity element is (e X 1 , e X 2 ), where e X 1 and e X 2 are the identities of X 1 and X 2 respectively.) 2 , J x 2 ) be a type-2 fuzzy finite state automata. Then the direct product of M 1 and
), proving the uniqueness of ( f , g). Hence the direct product M 1 × M 2 is the categorical direct product.
Let M 1 = (Q 1 , X 1 ,δ 1 , J x 1 ) and M 2 = (Q 2 , X 2 ,δ 2 , J x 2 ) be a type-2 fuzzy finite state automata. Let X be a finite set and f : X → X 1 × X 2 be a map. Also, let ∏ 1 and ∏ 2 be the projection mapping of X 1 × X 2 onto X 1 and X 2 respectively, i.e., ∏ 1 : X 1 × X 2 → X 1 and ∏ 2 : X 1 × X 2 → X 2 . Then the concept of generalized direct product of type-2 fuzzy finite state automata are given below. 
Conclusion
Chiefly inspired from [6] and [7] . We have introduced and studied here the concept of type-2 fuzzy finite state automata, homomorphism between two type-2 fuzzy finite state automata and transformation semigroup associated with a type-2 fuzzy finite state automata. Finally, we have introduced the concept of product of type-2 fuzzy finite state automata. We hope that, like fuzzy finite state machine, rough finite state machine, type-2 fuzzy finite state automata which is another dimension of applications of type-2 fuzzy set theory, will attract the researchers began to work on type-2 fuzzy finite state automata and finding more successful applications of type-2 fuzzy finite state automata.
